The iron-based superconductor FeSe offers a unique possibility to study the interplay of superconductivity with purely nematic as well magnetic-nematic order by pressure (p) tuning. By measuring specific heat under p up to 2.36 GPa, we study the multiple phases in FeSe using a thermodynamic probe. We conclude that superconductivity is bulk across the entire p range and competes with magnetism. Our analysis suggests that superconducting and magnetic fluctuations exist over a wide temperature range above the respective bulk transition temperatures, whenever magnetism is present. These observations highlight similarities between FeSe and underdoped cuprate superconductors where fluctuations play a crucial role.
The iron-based superconductor FeSe offers a unique possibility to study the interplay of superconductivity with purely nematic as well magnetic-nematic order by pressure (p) tuning. By measuring specific heat under p up to 2.36 GPa, we study the multiple phases in FeSe using a thermodynamic probe. We conclude that superconductivity is bulk across the entire p range and competes with magnetism. Our analysis suggests that superconducting and magnetic fluctuations exist over a wide temperature range above the respective bulk transition temperatures, whenever magnetism is present. These observations highlight similarities between FeSe and underdoped cuprate superconductors where fluctuations play a crucial role.
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FeSe is considered to be an exceptional member 1, 2 of the family of iron (Fe)-based superconductors 3-7 for various reasons. First, FeSe is the structurally simplest of all members. It superconducts 8 below a critical temperature T c ≈ 8 K and T c can be significantly enhanced in thin films [9] [10] [11] [12] and intercalated FeSe 13 or by pressure (p) [14] [15] [16] [17] [18] [19] . Second, FeSe undergoes a structural transition 8, 20, 21 from a tetragonal to an orthorhombic state at T s ≈ 90 K at ambient p which was shown to be nematic [22] [23] [24] [25] , i.e., driven by electronic degrees of freedom. In contrast to other Fe-based superconductors 26 , the nematic transition in FeSe is not accompanied or closely followed by an antiferromagnetic transition 21, 27 . Thus, it was suggested that FeSe represents an ideal platform to study a purely nematic phase and its interrelation with superconductivity 1 . Third, FeSe was found to be characterized by strong electronic correlations 28 leading to a small Fermi energy 2 which is comparable in size to the superconducting gap. This has recently raised the question whether FeSe is located deep in the crossover regime between weak-coupling BCS to strong-coupling BEC superconductivity [29] [30] [31] [32] [33] [34] . The latter is characterized by superconducting fluctuations over a wide temperature (T ) range above T c .
The extent to which the properties of FeSe are comparable to those of other Fe-based superconductors has been strongly debated over the years 1 . In this regard, the study of the T -p phase diagram (see Fig. 1 (a) ) yielded important new insights 27, [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] (see Fig. S1 ). Above a characteristic pressure p 1 , bulk magnetic order 27, 43 , which is likely stripe-type antiferromagnetic order 35, 36, 46 , was observed at the magnetic transition temperature T M < T s (i.e., the magnetic-nematic state). At even higher pressures, above a second characteristic pressure p 2 , the magnetic-nematic ground state was found to be stabilized through a simultaneous first-order transition with T s = T M 35,36,44 . This demonstrated that the phase diagram of FeSe at higher p shows the same generic features in terms of the magnetic and structural transitions as other Fe-based superconductors, i.e., two subsequent, second-order phase transitions with T s > T M that can be tuned to a simultaneous first-order transition (T s = T M ) 35, 36, 44 . However, whether the purely nematic state at low pressures fits into this universal picture, is still a subject of debates [47] [48] [49] [50] [51] [52] [53] . With respect to the superconductivity of FeSe under pressure, there is an ongoing discussion about its nature. It was proposed early on that superconductivity exists over a wide p range, i.e., in the purely nematic (p < p 1 ), but also in the magnetic-nematic p range (p > p 1 ). In the latter regime, the simultaneous enhancement of T c and T M raised the idea of cooperative promotion of superconductivity and magnetism 43, 54 , contrary to other Fe-based superconductors. However, this scenario has not be substantiated to date, since microscopic probes, such as NMR 36 , failed to detect any signature of superconductivity in the magnetic-nematic state for p > p 2 . This has therefore even led to the question whether bulk superconductivity exists in FeSe for p > p 2 36,55 .
By studying the specific heat (C) under p of a single crystal 57 of FeSe up to 2.36 GPa, we determine the full thermodynamic T -p phase diagram of FeSe. We are therefore able to address various open issues related to superconductivity: our results confirm the bulk nature of superconductivity over the full p range investigated, in particular also in the magnetic-nematic state for p > p 2 . In this regime, our data suggest a competition of superconductivity and magnetism in FeSe. Even further, we argue that superconducting and magnetic fluctuations exist in FeSe at high p over a wide range of temperatures above the respective bulk transition temperatures. These results therefore put FeSe in close similarity to the strongly correlated cuprate superconductors.
The specific heat of a vapor grown FeSe single crystal 57 was measured with an ac-technique (see Fig. 1 (b) ) inside a liquid-medium piston-cylinder pressure cell in a homebuilt setup 56 (for more details, see SI).
First, we focus on the C data close to the structural and magnetic transitions at T s and T M , respectively, in FeSe under p, as shown in Fig. 1 (b) and 2 (and in Figs. S2-S7) to determine the characteristic pressures p 1 and p 2 from our experiment. T s is monotonically suppressed with increasing p until it becomes indiscernible above 1.32 GPa (see Figs. 1 (b) and S3). Magnetic ordering is observed in our data for p ≥ 0.91 GPa (see Fig. 2 (a) and Fig. S5 ). This therefore defines p 1 in the T -p phase diagram of FeSe (0.84 GPa ≤ p 1 ≤ 0.91 GPa).
Upon increasing p, T M first increases steeply up to ≈ 1.2 GPa, then shows a slight reduction up to ≈ 1.9 GPa and then increases quickly for higher pressures. At the same time, the specific heat anomaly at T M (see Fig. 2 (a) ) evolves from a step-like shape, characteristic for second-order phase transitions at lower p, to a symmetric peak at higher p, which might be the result of a slightly broadened singularity of a first-order transition. This observation is therefore consistent with the picture 35, 36 that the magnetic transition becomes first order close to where it merges with the structural transition. To define the characteristic pressure p 2 at which the character of the magnetic transition changes, we follow three complimentary approaches. This includes measurements of the thermal hysteresis (see Fig. 2 S7 ) and an analysis of the asymmetry and the width of the specific heat peak (see Fig. 2 (c) ). We define the asymmetry as tr−tm tm−t l , with t m (t r and t l ) being the temperatures at which the specific heat anomaly exhibits its maximum value (50 % of the maximum value) and the width as t r − t l . All together, all three quantities exhibit a sudden change at p 2 = (1.87 ± 0.10) GPa.
Next, we present in Fig. 3 the evolution of the specific heat jump across the superconducting transition at T c in the three distinct pressure regimes (a) p < p 1 , (b) p 1 < p < p 2 and (c) p > p 2 (see Figs. S8 and S9 for raw data). At all p up to 2.36 GPa, we resolve a clear specific heat anomaly at low T , associated with the superconducting transition at T c . To determine T c and the superconducting jump size ∆C sc /T c (p), we use an equalarea construction in ∆C/T (see dotted lines in inset of Fig. 3 (a) ). For p < ∼ p 1 , we find an increase of T c together with an increase of ∆C sc /T c (see Fig. 3 (a) ). Soon after the onset of magnetism at p 1 , T c and ∆C sc /T c are suppressed with p for p < p 2 . Above p 2 , T c increases slowly, however, ∆C sc /T c continues to be monotonically suppressed with increasing p.
Remarkably, we also find a sudden change of the shape of the ∆C/T (T c ) anomaly from almost mean-field-like at p < p 1 to a more λ-like shape with an extended high-T tail at p > p 1 . This change can be quantified in terms of a broadening parameter (see Fig. S10 ) which defines the width of superconducting transition and is shown in Fig. 3 (d) (right axis): it is almost constant as a function of p for p < p 1 , then exhibits a clear jump at p 1 and levels off again, until it increases rapidly for p > p 2 . We stress that such sudden changes in the broadening, as observed here at p 1 and again at p 2 , are unlikely to result from pressure inhomogeneities related to the freezing of the pressure medium 58 , and therefore rather reflect a change of intrinsic physics of FeSe.
We can now proceed with discussing the two central results of this study. The first one relates to the question of bulk superconductivity in FeSe under p and its relationship with magnetism. Here, the observation of a finite ∆C sc /T c at all p speaks in strong favor of bulk superconductivity in FeSe, which coexists with nematic order at low p as well as with magnetic-nematic order at high p. The fact that ∆C sc /T c , which, in simple BCS theory, is a measure of the superconducting condensation energy, is strongly suppressed with p for p > ∼ p 1 (see Fig. 3 (d)) indicates that magnetism competes with superconductivity in FeSe. Importantly, this is also the case for the region p > p 2 , even though T c and T M both increase with p. This unusual possibility is included in an earlier model 59 on competing spin-density wave and superconducting order in itinerant systems, which provides the general tendency that competition leads to a decrease of T c /T M (rather than a decrease of T c itself), when T M is increased. Our specific heat results of the bulk T M and T c values (see Figs. 4 and S1 (a)) indeed show that this is the case in FeSe at high p: notably, ∆C sc /T c is suppressed with decreasing T c /T M (see Fig. 3 (e)). Therefore, our results strengthen the similarities of FeSe to other Fe-based superconductors 7,60-66 .
The second result is summarized in the T -p-phase diagram in Fig. 4 (a) (see Fig. S1 for simplified versions of this phase diagram). In this figure, we compare the transition temperatures T s , T M and T c from the present C(T, p) work (full symbols), with those reported in literature 67 , based on x-ray scattering 35, 45 , NMR 37 , resistance [38] [39] [40] [41] , magnetization 41 and µSR 43, 44 (open symbols). Surprisingly, whereas the majority of T s values and T c values for p < p 1 , as well as the p 1 values themselves, are rather consistent, the T M and T c values for p > p 1 show strong discrepancies. Given that specific heat measurements provide the bulk, thermodynamic (and static) transition temperatures, we suggest below one possible way to rationalize these findings is in terms of superconducting and magnetic fluctuations which exist for p ≥ p 1 over a wide T range above T c and T M , respectively. In terms of superconductivity for p > p 1 , not only is the discrepancy of bulk T c values from the present study (T c,C ) and those from previous reports from transport and susceptibility (T c,R/χ T c,C , Fig. 4 (a) and (b)) remarkable, but it must be recalled that there is a simultaneous, sudden change in the shape of the C anomaly at p 1 , depicted in Fig. 3 . A sudden increase in broadening of the feature at T c at p 1 was also observed in other quantities 41, 54 , such as resistance, despite being much larger there. Contrary to changes in transport features, though, the observed change in the specific heat feature is considered as a well-established signature [68] [69] [70] of superconducting fluctuations 30 above the mean-field T c . In this situation, the onset of diamagnetism 31, 69 at T c,χ is likely found at higher temperatures than the bulk T c,C , consistent with our results. Revisiting susceptibility data 39, 41 demonstrates that the bulk T c,C actually corresponds to the temperature at which FeSe exhibits saturating diamagnetism (see Fig. 4 (b) ). Thus, a comparison of onset T c,χ and T c,C can be used to estimate the T range in which superconducting fluctuations exist (≈ 10 K 2T c at 2.36 GPa, see Figs. 4, S1 and S12).
FIG. 4. (a)
Temperature-pressure phase diagram of FeSe, determined from specific heat measurements C(T, p) (full squares). Red symbols correspond to the structural transition temperature Ts, black symbols to the superconducting transition temperature Tc and blue symbols to the magnetic transition temperature TM . The phase regions are labeled by t/pm (tetragonal/paramagnetic; light yellow), o/pm (orthorhombic/paramagnetic; red), o/m (orthorhombic/magnetic; blue) and sc (superconducting; brown/grey). Purple dotted vertical lines mark two characteristic pressures, p1 and p2. The error in the determination of p2 is indicated by the light purple bar. The specific heat data is contrasted with data from various other techniques from literature, i.e., x-ray scattering 35 Such extended fluctuations in the presence of competing magnetic order, suggested in the present work, might also naturally account for the absence of pronounced features at T c in microscopic NMR data 36 at p > p 2 .
Concerning the magnetic transition, we find that the T M values from C(T, p) are at the lower bound of values reported so far. It is remarkable, though, that similar T M values were inferred using the same technique in different studies (see, e.g., the two sets of open blue circles from resistance studies in Fig. 4 ). This argues against experimental artifacts arising from a combination of different samples with slightly different stochiometry and different pressure media being solely responsible for the discrepancy in T M values. Instead, it seems likely that the observed spread in T M is related to the time scale of each experiment, ranging from ∼ µs for µSR 43,44 up to ∼ s for NMR 36, 37 up to static for C(T ) and x-ray probes (measuring the increase of orthorhombicity associated with the development of long-range order 35 ). We refrain from including the T M values inferred from the resistance in the present discussion, as the associated time scale, given by the scattering time, cannot be unequivocally defined. As T M (p) from the two static probes (C(T ) and x-ray) fall on top of each other (T M,C T M,x−ray , see Fig. 4 (b) and S1 (b)) and T M,C < ∼ T M,N M R < ∼ T µSR at any given p, this is highly suggestive of magnetic fluctuations existing far above the static T M,C . The extent in T of these fluctuations above T M can be estimated from the spread of transition temperatures in Fig. 4 . This spread increases upon increasing p, even more rapidly above p 2 , and reaches more than ≈ 30 K above 2 GPa. The width of the specific heat peak at T M (see Fig. 2 (c) ) provides further support for this statement, as it shows a progressive increase above p 2 (see Fig. S11 ), which reflects a sizable loss of magnetic entropy preceding the bulk T M,C upon cooling.
Another scenario which could give rise to a similar phenomenology of the T -p phase diagram, as well as the specific heat features, invokes electronic inhomogeneity 71 . It is important to note though, that this inhomogeneity then must be intrinsically induced by the occurrence of magnetism, as evident from our phase diagram in Fig. 4 . It could, e.g., arise from the formation of domains in the magnetically-ordered state which are pinned by extrinsic disorder, inevitable in any real crystal. This would lead any probe with finite time scale to detect magnetic order above the bulk transition temperature. At the same time, the inhomogenity might give rise to a non-bulk superconducting state above T c , causing zero resistance well above the bulk T c (such as the recently proposed fragile superconducting state 72 ). To verify which of these two scenarios is applicable in FeSe, it will be of crucial importance to identify the characteristic energy scales of the different orders in FeSe under pressure. One important key question here will be to resolve the magnetic structure of FeSe for p > p 1 which has still not been unequivocally determined to date. Nevertheless, we want to stress that our picture of the T -p phase diagram of FeSe presents close similarity to the ones of the high-T c cuprate superconductors 73 . In the latter case, there is growing evidence for the coexistence of superconductivity in the underdoped regime with other competing phases, such as charge-density waves 74 enhancing fluctuations 75,76 associated with both orders over a wide T range above the respective bulk transition temperatures 73, 77 . Here, FeSe might serve as an important reference system to investigate the origin of such extended fluctuating regimes, as superconductivity can be tuned through non-magnetic and magnetic states solely via pressure which does not introduce any addi-tional disorder.
In conclusion, the presented specific heat data demonstrate that superconductivity is bulk in FeSe up to 2.36 GPa, and competes with magnetism, whenever present. In the presence of magnetism, our results strongly suggest that superconducting and magnetic fluctuations exist over a wide temperature range above the respective bulk transition temperatures. This puts the phase diagram of FeSe under pressure in close similarity to those of underdoped cuprates in which the enhancement of phase fluctuations due to competing orders is considered as a key ingredient for high-T c superconductivity.
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of the growth procedure. Importantly, the variation of T c and T s was found to be correlated with the residual resistivity ratio (RRR) and therefore is considered as an indication for the sample quality. Following these arguments, we chose a crystal with high T c and T s for our study. With this being said, it is important to point out that we use hydrostatic pressure as a tuning parameter here on one single sample. Thus, we can exclude that sample-to-sample dependencies (likely due to slightly different stoichometries and varying disorder levels) affect our conclusions.
Our specific heat setup is described in great detail in Ref.
2. In the following, we recall the main aspects which are important for the present work.
Specific heat is measured using the ac calorimetry technique in which the sample is heated in an oscillatory manner and the resulting temperature oscillation contains the information on the specific heat of the sample. This technique has proven to be suited for the use in pressure cells. In general, measurements of the specific heat under pressure do not permit to obtain specific heat values with high absolute accuracy, due to the finite coupling of the sample to the bath. Nevertheless, in our previous work 2 , we were able to demonstrate that we can reliably determine changes of the specific heat value by a careful choice of the measurement frequency. As a consequence, the ambient-pressure value of the superconducting jump size, obtained here, ∆C sc ≈ 79 mJ/mol/K is different than those of other highaccuracy measurements (see e. A mixture of 4:6 light mineral oil:n-pentane is used as a pressure-transmitting medium. It solidifies at p ≈ 3-4 GPa at room temperature 6 , thus ensuring hydrostatic pressure conditions in the available pressure range 7 . Pressure values, given in the entire manuscript, correspond to those determined from the superconducting critical temperature of elemental lead (Pb) 8 , determined resistivitely.
II. SPECIFIC HEAT DATA
A. Detailed view on the phase diagram, determined from specific heat, and comparison with previously-published phase diagrams Figure S1 shows the temperature-pressure phase diagram of FeSe, determined in the present study from specific heat measurements, in different representations. In Fig. S1 (a) , we show the phase diagram which is solely based on our specific heat data. In Fig. S1 (b) , we add the structural and magnetic transition temperatures, determined from x-ray diffraction 9 on crystals from the same source. It is important to note that x-ray measures a static distortion of the lattice. In the pressure region p 1 < p < p 2 , the onset of magnetic order manifests itself in a sudden increase in orthorhombicity, thus enabling x-ray to be sensitive to the detection of long-range, static order. This comparison shows a very good agreement of the thermodynamic phase diagram with the one from x-ray scattering in terms of the transition temperatures T s and T M . We only find a small discrepancy close to p 2 . The analysis of x-ray data indicate that p 2 ≈ 1.6 GPa. As a consequence, the data point at 1.7 GPa in Fig. S1 (b) is attributed to a single, first-order phase transition. In the present study, however, our analysis in the main text indicated that p 2 = (1.88 ± 0.1) GPa and thus, slightly higher than the p 2 determined in x-ray studies. We attribute this slight discrepancy to experimental errors possibly arising from two different cells with different manometers and criterion for inferring pressure. In Figs. S1 (c) and S1 (d), we add two additional T -p phase diagrams from resistance 10 and NMR 11 measurements, both also taken on crystals from the same source. In this representation, and in particular in the blow-up in Fig. S1 (d) of the low-temperature phase diagram on a linear scale, the discrepancies of the magnetic transition temperatures T M and superconducting transition temperatures T c for p > p 1 become evident. This representation also highlights that our study actually identifies distinct break of slopes in T c (p) at the characteristic pressures p 1 and p 2 . In contrast, the resistive T c (p) line shows only a pronounced change at p 1 , but not at p 2 (see Fig. 4 in main text) .
B. Collection of raw data
In Fig. S2 , we present the entire specific heat data set of this study, C/T vs. T , ranging in pressure from 0 GPa to 2.36 GPa and in temperature from 5 K to 100 K. We will discuss the salient features of these data sets in the subsections below, which is supplementary to the key information provided in the main manuscript.
C. Structural transition
In Fig. S3 (e) , we illustrate the determination of the structural transition temperature T s from our data sets (see Fig. S3 0 G P a 0 . 1 G P a 0 . 4 1 G P a 0 . 5 1 G P a 0 . 7 1 G P a 0 . 7 6 G P a 0 . 8 4 G P a 0 . 9 1 G P a 0 . 9 7 G P a 1 . 0 5 G P a 1 . 1 4 G P a 1 . 2 4 G P a 1 . 3 2 G P a 1 . 4 2 G P a 1 . 5 G P a 1 . 5 8 G P a 1 . 7 2 G P a 1 . 8 9 G P a 1 . 9 8 G P a 2 . 1 G P a 2 . 2 G P a 2 . 2 6 G P a 2 . which the minimum occurs, to T s . Above 1.32 GPa, the feature associated with T s becomes indiscernible (likely due to a combination of vanishing small entropy and strongly increasing slope of the phase transition line), as shown by adding the data set taken at 1.5 GPa as an example to Fig. S3 (e) . In the latter data set, only the magnetic transition at T M ≈ 18 K gives rise to a pronounced feature in d(C/T )/dT .
D. Magnetic transition

Criterion for determination of TM and background subtraction
In Fig. S4 , we present the specific heat data, C/T , across the magnetic transition at T M at selected pressures (a,c,e), and the temperature derivatives of the respective data sets (b,d,f). The magnetic transition, which manifests itself in either a jump-like feature or a broad maximum in C/T (depending on the pressure), shows up clearly as a step-like change in d(C/T )/dT for p ≥ 0.97 GPa. For p = 0.91 GPa a T M -associated feature can be identified (see Fig. S5 ), but it is at the limit of our ability to resolve. We assign the mid-point of the step-like change in d(C/T )/dT to T M . The so-derived T M values correspond well to the positions of the maxima in the background-corrected ∆C/T data, shown in Fig. 2 (a) of the main manuscript (see below for a discussion of the background correction).
Compared to resistance measurements under pressure, specific heat measurements give the opportunity to study whether any phase transition occurs below the superconducting transition temperature T c . To discuss the possible extent of a magnetic transition below the superconducting one in FeSe at low pressures, we show in Fig. S5 the derivative of our specific heat data at p = 0.84 GPa, 0.91 GPa and 0.97 GPa. At 0.97 GPa, a clear feature of the magnetic transition in d(C/T )/dT can be observed at T M ≈ 15.9 K > T c . A similar feature, even though much smaller in size, can be observed at T M ≈ 13.6 K > T c at 0.91 GPa. In both cases, no similar feature can be resolved below T c down to 6 K. Similarly, no additional phase transition other than the superconducting one at T < T c as well as T > T c can be resolved in the data set, taken at 0.84 GPa. Therefore, any feature of a magnetic transition for T < T c at all p, as well as for T > T c for p ≤ 0.84 GPa, if exists, falls below our resolution. 
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Derivative of specific heat data, d(C/T )/dT vs. T , on FeSe at 0.84 GPa, 0.91 GPa and 0.97 GPa. Grey arrows indicate the position of the superconducting transition at Tc in the three data sets. Red and green arrows indicate the position of magnetic transition temperature at TM , which is only discernible in data at p ≥ 0.91 GPa above Tc, but not below Tc in any of the data sets. 
. Illustration of background subtraction to determine the anomalous contribution to the specific heat at the magnetic transition at selected pressures (a-d) in FeSe. The background (red dotted line) corresponds to a polynomial of order three which was fitted to the specific heat data (black line) at each pressure at T < TM and T > TM simultaneously.
To obtain the anomalous contribution to the specific heat at T M , ∆C/T , shown in Fig. 2(a) of the main manuscript, we have to estimate a background contribution due to the lack of reference background data when performing measurements under pressure. To this end, we approximate the background contribution to C/T (see red dotted lines in Fig. S6 ) by fitting the C/T data away from the phase transition temperature T M by a polynomial of the order of three. For each individual p data set, we typically fit simultaneously in two temperature ranges, defined by
Measurements of thermal hysteresis
In the main text, we use the size of the thermal hysteresis at T M to show that the transition changes its character from second order to first order at p 2 ≈ 1.65 GPa. The d(C/T )/dT data, which is used to determine this thermal hysteresis between warming and cooling, are shown in Fig. S7 . These data were obtained using a slow heating/cooling rate of ± 0.25 K/min to ensure thermal equilibrium. Using the midpoint of the step-like feature in d(C/T )/dT (see min, max and average arrows in Fig. S7 (a) ), we can determine T M,warm and T M,cool , which are indicated by the dashed and dotted lines, and calculate the thermal hysteresis ∆T = T M,warm − T M,cool . We find that the thermal hysteresis is almost constant below 1.63 GPa, and increases steadily above this pressure. Thus, the small hysteresis at p < 1.63 GPa is likely an instrumental hysteresis, inevitable in any low-temperature experiment, whereas the increase in ∆T at higher pressures reflects the hysteresis, related to the first-order character of the phase transition. We note that the herein observed hysteresis of ∆T < 100 mK at 1.7 GPa is fully consistent with the observations in Ref. 9 , which claim that any hysteresis is smaller than their data point spacing of 200 mK.
E. Superconducting transition 1. Raw data and background subtraction Figure S8 shows the raw specific heat data, C/T , across the superconducting transition temperature T c , at selected pressures in the three different pressure regimes (a) p < p 1 , (b) p 1 < p < p 2 and (c) p > p 2 , i.e., in the regimes in which superconductivity coexists with purely nematic order (a), nematic and magnetic order that occur at distinct ordering temperatures (b) and with strongly coupled magnetic and nematic order that occur simultaneously (c).
To obtain the estimate of the electronic specific heat, ∆C, shown in the main manuscript, we have to subtract a background contribution from our bare C/T data. Due to the lack of background information under pressure, we followed the standard procedure of subtracting a linear contribution from the C/T data in a T 2 representation above T c , as in a Fermi-liquid model C = γT + βT 3 at low T , with the latter term describing the phononic specific heat. Examples of the linear fit in a C/T vs. T 2 representation are shown in Fig. S9 . However, this approach neglects the fact that superconducting fluctuations exist above T c (exceeding above T c by at least 10 K, see main text) which likely give rise to an additional contribution to the specific heat at T > T c . Unfortunately, due to the lack of background information under pressure, we cannot determine their contribution to the specific heat. As a consequence, the procedure shown here might yield an overestimate of background contribution and therefore an underestimate of the superconducting anomaly. Since the width of the specific heat transition at T c does not exceed 2 K in the investigated pressure range (see Fig. 3 (a) of the main manuscript), we nevertheless believe that we are able to determine a significant portion of ∆C sc and therefore consider the suppression of ∆C sc with p at p > p 1 reliable.
Quantification of superconducting transition width
In the main text, we presented in Fig. 3 (d) the evolution of the width of the superconducting transition with pressure. To obtain this quantity, we used the following procedure, depicted in Fig. S10 . In a clean, BCS superconductor, the specific heat would exhibit a sharp jump at T c , thus giving rise to an infinite sharp peak in the derivative d(∆C/T )/dT . In any real system, however, the jump in the specific heat will be broadened and, as a consequence, the peak in the derivative will exhibit a finite width. The causes of this broadening can be multifold: small amounts of disorder, small pressure inhomogenieties, or also the presence of some critical fluctuations above T c beyond the BCS mean-field description, as intensively discussed for the present case in the main text, etc.. One possible way to quantify this broadening is to quantify the finite width of the peak in the derivative by determining its full width 
. Illustration of background subtraction to determine the electronic contribution to the specific heat at low temperatures at selected pressures (a-c) in FeSe. The background (red dotted line) corresponds to a linear fit to the specific heat data (black line), plotted in a C/T vs. T 2 representation, above Tc. The strong change of background contribution results from changes of the electronic and phononic contributions. The former one is likely to change significantly due to the presence of magnetism above Tc at p > p1 ≈ 0.9 GPa. 
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2 . 1 G P a G a u s s i a n f i t FIG. S10. Illustration of the procedure to determine the width of the superconducting transition at selected pressures (a-c).
The black line corresponds to the temperature derivative of the ∆C/T data, the red line to a Gaussian fit to the experimental data.
at half maximum. Thus, we fitted the peak in our d(∆C/T )/dT by a Gaussian peak function and compiled the full width at half maximum of each of these fits at the respective pressure in Fig. 3 (d) of the main manuscript.
In Fig. S11 , we compare the pressure evolution of superconducting transition width with the one of the magnetic transition. We find that the superconducting as well as the magnetic transition width exhibit a rapid increase above ≈ 2 GPa, i.e., very close to p 2 . However, we would like to point out that the discrepancies between the determined transition temperatures T c and T M of different studies at p > 2 GPa are distinctly larger than the transition widths determined here. Thus, this observation does not significantly affect the main message of this paper. In this section, we compare our temperature-dependent specific heat data around the superconducting and magnetic transition at selected pressures with those of resistance 10 , dc magnetization 12 , ac susceptibility 13 and x-ray 9 . While the good agreement of specific heat and x-ray data around the magnetic transition was discussed in great detail, we aim to discuss here the anomalous behavior of the superconducting transition in the magnetically-ordered state, which was initiated by earlier studies and is the focus of the present work, in more detail. So far, the anomalous behavior at p > p 1 was mainly associated with the following two aspects: (i) the resistive transition is significantly broadened m a g n e t i c t r a n s i t i o n w i d t h ( % o f t r a n s i t i o n t e m p e r a t u r e )
FIG. S11. Pressure evolution of superconducting transition width (black squares, left axis) and magnetic transition width (red circles, right axis), both given in percent of the respective transition temperature.
compared to the p < p 1 range, but becomes sharp once the magnetic-nematic state is suppressed at ≈ 6 GPa 14 and (ii) the onset of diamagnetism under pressure in the presence of magnetism typically does not coincide with the temperature at which resistance reaches zero 13 . In the present work, we established yet another peculiarity in the magnetically-ordered state, namely that the bulk transition temperature at T c,C determined from specific heat is even lower than the onset of diamagnetism (T c,M for dc magnetization measurements and T c,χ for ac susceptibility) and the temperature at which resistance reaches zero. This is clearly illustrated in Fig. S12 (a-d) at p ≈ 1.6 GPa and (e-g) at p ≈ 1.7 GPa. We find that T c,C < T c,M < T c,R at 1.58 GPa, and T c,C < T c,χ at 1.7 GPa. In this discussion, it is important to note that resistance and specific heat data were obtained on crystals from the same source in the same pressure cell environment, whereas magnetization and ac susceptibility data were taken in different conditions. The comparisons in Fig. S12 show that the resistive T c,R is actually not accompanied by any significant shielding fraction. It is well known, though, that resistance measurements in superconductors might be fooled by a short circuit in the sample, induced by a tiny volume fraction. It is more peculiar that also the onset of diamagnetism at T c,M and T c,χ does not coincide with the specific heat transition at T c,C . Even further, it appears that T c,C rather coincides with the saturation of the diamagnetism (see Fig.S12 (b) ). The survival of diamagnetism above T c is observed less commonly in superconductors, but has recently been discussed in FeSe even at ambient pressure as a consequence of superconducting fluctuations surviving far above T c 15 in the crossover between BCS and BEC superconductivity. Even though this scenario at ambient pressure is debated at present 16 and we show that T c,C T c,M T c,R at low pressures (p < p 1 ), our results indicate at the same time that the onset of magnetic order, for p > p 1 , in FeSe triggers a much more pronounced difference between onset of diamagnetism and bulk transition. It will be therefore important in the future to identify why the onset of bulk magnetic order goes along with diamagnetism surviving far above T c,C in FeSe under pressure. The competition of superconductivity and magnetism in iron-based superconductors is often studied by microscopic probes, which measure the strength of the magnetic hyperfine field [17] [18] [19] . In this situation, the onset of superconductivity usually results in a decrease of the magnetic hyperfine field. However, whether this decrease is pronounced or not, depends typically on the relative strength of superconductivity to magnetism (in terms of transition temperatures and respective densities of states), and therefore the decrease is sometimes lower than the resolution limit of the respective technique.
Based on our thermodynamic analysis of the specific heat jump size in FeSe, we suggest that magnetism and superconductivity compete with each other, whenever magnetism is present. In this pressure region (p > p 1 ), we
